We study the manipulation of the radiation pattern of second harmonic generation from AlGaAs all-dielectric nanoantennas exhibiting electric and magnetic resonances. We show the importance of the interference of different higher-order multipoles in the nonlinear response of dielectric antennas for shaping of their second harmonic radiation pattern. In particular, we show how such multipolar interference can be engineered in AlGaAs nanodisks by manipulating the pump beam polarization, incidence angle and disk geometry. In this way we demonstrate the shaping of the radiation pattern in order to increase the second harmonic power by a factor of 8 when measured in experiment through a finite numerical aperture microscope objective.
A key property for the realization of compact photonic devices is the capability to manipulate light at the nanoscale. In past decades the advances in nanotechnology have allowed the realization of novel nanostructured materials such as plasmonic nanostructures, which have demonstrated the possibility to route and manipulate light in deep-subwavelength volumes [1] [2] [3] .
However, while plasmonic nanostructures have met a huge success in many potential applications such as sensing, telecommunications, quantum-light sources, and photovoltaics 1-6 , they suffer from ohmic losses at optical frequencies, which limit their efficiency 2, 7 . Moreover, these losses generate Joule heating that could severely hamper the employment of plasmonics for some applications such as surface-enhanced Raman spectroscopy 8, 9 . On the other hand, lossless dielectric materials can overcome this problem since their optical losses at visible and nearinfrared wavelengths are negligible 7, 10, 11 . High-permittivity dielectric nanostructures in a low refractive index background can support strong Mie-type resonances 12 and can thus potentially be employed for nanophotonic applications, which are sensitive to the intrinsic losses and the generated heat, including biosensing, emission control and nonlinear frequency conversion 7, 13, 14 .
Furthermore, dielectric nanoparticles can support both strong electric and magnetic resonances, which enable strong directional scattering by optical nanoantennas [15] [16] [17] [18] [19] [20] [21] .
Importantly, all-dielectric nanostructures offer unique opportunities for the study of nonlinear effects. Due to the very low intrinsic losses, the dielectric nanostructures can sustain much higher optical powers and ultimately provide orders of magnitude higher frequency conversion efficiency 10, 22 in comparison to their plasmonic counterparts. In addition, while in plasmonic nanostructures the optical nonlinear response is dominated by surface nonlinearities, enhanced by plasmon resonances at the fundamental and/or at the harmonic wavelengths 3, [23] [24] [25] , in highpermittivity dielectric nanostructures, the bulk nonlinearity may dominate the optical nonlinear response 26 . Thus the overall interaction volume between the incident field and the nanostructure is highly increased, giving rise to better conversion efficiency. Most importantly, the efficiency of nonlinear conversion can be boosted even further by the excitation of multipolar resonant modes of both electric and magnetic nature 10, 22, 27, 28 .
These advantages have triggered a great interest into the studies of enhanced harmonic generation in resonant dielectric nanoparticles and very promising results have been recently achieved in simple all-dielectric structures 10, 22, 27, 28 targeting applications in biosensing or nonlinear light sources. However, this important development is still in its infancy and there remain two important issues that have to be understood and carefully addressed. The first task is to achieve high frequency conversion efficiencies. While the efficiencies of third harmonic generation (THG) of 10 -7 and 10 -6 have been reported 10, 29 , which is 4-5 orders of magnitude higher than in plasmonic systems, these still remain low for most practical applications. For example, for biosensing applications efficiencies of the order of 10 -2 -10 -3 will be required in order to outperform the usual fluorescent markers. More recently, second harmonic generation (SHG) from subwavelength thickness AlGaAs nanodisks structures 22 has been predicted to reach efficiencies of 10 -3 by exploiting the magnetic dipole resonance. Such efficiencies are comparable to the best achieved to date SHG efficiency in multiple quantum wells for intersubband transitions at mid-infrared wavelengths 30 and thus open a plethora of practical applications.
The second important issue is to be able to shape the radiation pattern of the harmonic generation, to direct it into desired directions, including achieving uni-directional harmonic generation from single nanostructures. This feature is of utmost importance as it measures the overall collection efficiency in the experiments, which is a practically meaningful value that is related to the total detected signal. For example, in Ref. 22 a very high SHG efficiency was reported, however the second harmonic (SH) signal emitted was null in the both forward and backward directions, as schematically depicted on the left hand side of Fig. 1 . This implies that if objectives with low numerical aperture (NA) are employed, most of the generated SH signal will be lost. For this reason, shaping the radiation pattern of SHG by enhancing the directivity or by reducing the angular spread of the generated signal, as schematically depicted on the right hand side of Fig. 1 , will be fundamental for the employment of all-dielectric nanoantennas in applications requiring low power and low cost components such as chemical or biological sensing 7 . Despite the importance of this second point, the control and shaping of the radiation pattern from bulk nonlinearities in dielectric nanoparticles has gained little attention. While studies on the emission pattern of SHG scattering in centrosymmetric nanoparticles [31] [32] [33] [34] and THG in amorphous dielectric particles 35 
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Numerical simulations
To demonstrate the control of the radiation pattern of SH field generated by Al0.18Ga0.82As nanoantennas we use frequency-domain simulations implemented using the finite-elementmethod in COMSOL 22 . In our simulations we consider a single AlGaAs antenna in air (refractive index n=1) and use perfectly matched layers to implement open boundary conditions. The real and imaginary part of the AlGaAs susceptibility are deduced from Refs. 36, 37 . The pump is assumed to be a plane wave, s-polarized along one of the crystalline axes, which in our simulations are aligned with Cartesian coordinate system axes. The second-order nonlinear susceptibility tensor of AlGaAs has only off-diagonal elements of the type (2) with i≠j≠k. Thus the i-th component of the nonlinear polarization at the SH frequency 2ω is given by 22
6 where ε0 is the vacuum dielectric constant and Ej (ω) is the j-th component of the electric field at the pump frequency ω. The value of (2) used in the simulations is 100 pm/V and it is assumed to be constant over all the range of pump wavelengths that is considered in this work 38, 39 .This cross-term nonlinear susceptibility tensor displays an unique characteristic of the AlGaAs material, as the nonlinear polarization does not follow the symmetry of the incident field and distinguishes our problem from the works on THG 35 . The nonlinear polarization in Eq. (1) is used to define the nonlinear source currents and calculate the SHG in the AlGaAs cylinders.
Normal incidence excitation
To help the reader it is worth reproducing some of the results from Ref. 22 . Figure 2 The electric field at the SH wavelength is shown in Fig. 2 (e). From the tangential components of 7 the electric field on the cylinder walls one can deduce the far-field pattern. In particular we can recognize the electric quadrupolar field lines on the lateral walls as well as on top and bottom walls. Electric field distribution at the SH wavelength. The blue arrows represent the electric field tangent to the cylinder walls. The results are obtained using a cylinder, oriented with its axis in the z-axis direction, with h=400 nm, r=225 nm and for a normally incident plane wave pump polarized along the x-axis and with an intensity of 1 GW/cm 2 . Results from (b) to (e) are obtained for a pump wavelength of 1685 nm.
The radiation pattern of the SH field depends on the mode that is excited by the nonlinear polarization induced by the fundamental mode. Thus, if the electric field distribution inside the cylinder at the fundamental frequency is changed, a different mode at the SH frequency may be excited. This effect could be obtained either by changing the incident pump beam (polarization state, wavevector or spatial structure) or by changing the shape and geometry of the dielectric antenna, hence altering its electromagnetic modes at the pump and SH wavelengths. Below we show how the SH radiation pattern is affected when changing each of these parameters.
Radiation pattern manipulation by changing the pump polarization state
The observation of SHG as a function of the polarization state of the pump beam was demonstrated to be a powerful tool for imaging of nano-objects 40 and semiconductor nanowires 41 . Inspired by these results we investigate how the beam polarization state may alter the emission diagram of the SH signal from AlGaAs nanoantennas. Figure 3 (a) shows the SHG efficiency as a function of the wavelength and the pump polarization state. For a pump beam, which is linearly polarized along one of the crystalline axes, orthogonal to the cylinder axis, there is only one peak of SHG efficiency at a wavelength of 1685 nm 22 (see also Fig. 2(a) ). In comparison, for a pump beam linearly polarized along the bisector of the crystalline axes, two 9 SHG peaks can be observed in the spectrum. The strongest peak is the same as in the first case. The second, weaker, peak that is obtained at a pump wavelength of about 1580 nm corresponds to a different SH mode that could not be excited with the pump linearly polarized along one of the crystalline axes. Figure 3(b) shows the radiation pattern of this mode, which is radically different from the SH radiation pattern that is shown in Fig. 2(a) . Moreover, as it can be seen from Fig. 3(a) , by using a pump with circularly polarized electric field only the SH peak at 790 nm can be observed while a different SH radiation pattern is obtained when pumping at a The excitation of different modes when changing the pump polarization state is a consequence of a variation of the nonlinear displacement currents that are induced by the fundamental mode via the nonlinear susceptibility. Figure 3(d) shows the nonlinear displacement currents induced by a pump at a wavelength of 1580 nm with linearly polarized electric field aligned on the bisector between the x and y crystalline axes. As it can be seen, the main component of the nonlinear displacement current is along the cylinder axis. In comparison, the nonlinear displacement current generated with a pump beam, which is linearly polarized along the x axis, has mainly a y axis component as shown for instance by the blue arrows in Fig. 2(d) . This difference in the nonlinear displacement current distribution is due to the form of the (2) tensor of AlGaAs that results in a nonlinear polarization of the form given by Eq. (1). As seen in Fig. 3(a) , the SH intensity obtained for a pump wavelength of 1685 nm is the same for both LP 0° and LP 45° polarization states. This is due to several reasons: First, the electric field of the SH mode excited at 842.5 nm has a predominant radial component, thus only nonlinear currents in the xy planes will be able to efficiently excite this mode. Second, the antenna has a cylindrical symmetry, which implies that there is not any linear birefringence effect. Thus the LP 45° pump can be seen as the sum of two in-phase pumps with polarization state LP 0° and LP 90°, which is equivalent to the situation of having just one pump with LP 0° polarization and hence will result to the same SHG efficiency. On the other hand, the SH mode at 842.5 nm is not excited by the CP pump because this case corresponds to two pumps with polarization state LP 0° and LP 90°
of π/2 out of phase. This results in an azimuthal distribution of the nonlinear displacement currents in the xy planes that does not couple efficiently to the SH mode at 842.5 nm. In general, more complex pump polarization states might be used to control the nonlinear displacement current distribution inside the antenna and thus to engineer the radiation pattern of the SH field. Nevertheless, this mode distribution can still be connected to the HE21 mode and the optical length of the cylinder in this case is about 1.3×λg (neff=2.74).
Radiation pattern manipulation by changing the antenna geometry
Even though we showed that it is possible to excite different modes by changing the polarization state of the pump, the radiation patterns shown in Figs. 2(b) and 3(b) do not exhibit any forward or backward directivity. Since in typical microscopy applications the signal collection is usually performed on one side of the device, a directive emission diagram might be desirable in order to increase the collection efficiency of the SH signal. One method that has been proposed for achieving this feature in the optical response of an antenna is to exploit the relative phase difference of the electric field emitted by an electric dipole and a magnetic dipole resonance 15, 16, 21 . This phase difference gives rise to an interference of several radiating multipoles, which can be used to achieve directional SH emission. In particular, the interference effect is enhanced when the so-called Kerker condition is satisfied 42 . This requires that the light is radiated as a superposition of equal strength of both electric and magnetic dipoles. The Kerker principle has also been extended to interference of higher order multipoles, finding that whenever multipoles with the same amplitude and opposite symmetry are present, the emission diagram becomes highly directive 16, 21 . Nevertheless, some degree of directionality can be practically achieved even when the optical response is composed by a few multipoles of comparable strength 21 . Here we exploit this phenomenon to illustrate how the generalized Kerker conditions can be applied to achieve a directional emission of the SH signal that is generated in AlGaAs nanoantennas. Figure 4(a) shows the extinction efficiency of a cylindrical nanoantenna with a radius r=146 nm and height h=400 nm. As it can be seen, for this cylinder dimensions, the magnetic dipole resonance is around a wavelength of 1235 nm. Furthermore, at half of this wavelength, corresponding to the range of SH emission, the electric and magnetic dipole and quadrupole (i.e. a1, b1, a2, and b2 Mie-type coefficients) have similar amplitudes. This condition not only ensures an enhancement of the SHG due to a pump wavelength that is tuned on the MD 13 resonance of the nanoantenna, but it also results in a directive forward emission diagram of the electric field, as shown by the radiation pattern in the inset of Fig. 4(a) . As seen from Figs. 4(b) and 4(c) this allows the generation of a directive SH emission when pumping at a wavelength of 1235 nm. Fig. 4(d) ) we can recognize a dominant electric quadrupolar field distribution, where the electric field components along the y axis are larger than the components of the electric field that are along the x axis. On the bottom surface (see Fig. 4(e) ) the electric field distribution is dominated by a magnetic dipole. The field components that are symmetric with respect to the y axis are dominating, like on the top surface.
However the field symmetric with respect to the x axis has opposite phase with respect to the top surface. This is due to the interference between magnetic and electric multipoles, which is constructive in the forward direction while is destructive in the backward direction. Furthermore, the in-plane radiation is almost suppressed compared to the case shown in Although this configuration addresses the problem of directive SHG emission, two other issues arise: first, the total SHG efficiency is reduced by a factor of 100 as compared to Ref 22 , and second, in the normal forward and backward direction the SH signal remains zero. The decrease of the SHG efficiency is due to a poor overlap between the fundamental and the SH mode. Instead, the second problem is due to the symmetry of the extrinsic geometry -antenna plus pump excitation; as well as due to the form of the susceptibility tensor of AlGaAs.
Therefore in the next section we analyze what happens when this extrinsic symmetry is broken.
Radiation pattern manipulation for tilted incidence pump
A possible solution to break the symmetry that forced the SH radiation to be zero in forward and backward directions is to use a tilted pump beam. In this case the extrinsic or "experimental" symmetry is broken. Figure 5 shows the evolution of the radiation pattern of the SH signal generated with an s-polarized pump at a wavelength of 1570 nm, for a varying angle of incidence θ on a cylinder with r=225 nm and h=400 nm. The case with pump at normal incidence (θ=0°) shows multipolar behavior of the SH radiation with the expected zero in the normal forward and normal backward direction. As the angle of incidence increases, the SH field emitted in the normal directions increases, reaching a maximum at θ=45°, while the lobes in the other directions are progressively suppressed. This behavior may be understood by observing the scattering efficiency of the cylinder at the SH wavelengths and the electric field generated inside the cylinder. Figure 6(a) shows the linear scattering efficiency of the cylinder for wavelengths in the range of the SH emission. From the multipole expansion of the scattered field that is also reported in Fig. 6(a) , we can observe that the peak of scattering efficiency at a wavelength of 785 nm is mainly due to an electric dipole resonance. The electric field radiation diagram at this wavelength (shown in the inset of Fig. 6(a) ) is constituted by two main lobes; one in the forward and one in the backward direction. The x-component of the electric field at a wavelength of 785 nm inside the cylinder as derived from the linear simulations is shown in Fig. 6(b) . For comparison, Fig. 6(c) shows the x-axis component of the electric field generated in the SHG process for a pump with angle of incidence θ=45°. The two field distributions remarkably resemble each other, indicating that the nonlinear currents generated by the tilted pump couple to the mode observed in the extinction spectrum of Fig. 6 (a) that was characterized in the far-field by single forward and backward lobes. generated in the cylinder using a pump at λ=1570 nm and with an angle of incidence of θ=45°.
(d) Absolute value of the electric field generated at the SH with a pump at λ=1570 nm. The black arrows represent electric field vectors and blue arrows represent the nonlinear displacement currents. Figure 6(d) shows the electric field at the SH frequency that is generated using a pump at λ=1570 nm. In particular, by observing the electric field on the top and bottom surfaces, we can see that the emitted SH radiation is mainly of electric dipole type with an electric field polarized along the x-axis, in agreement with the far-field shown for θ=45° in Fig. 5 .
In order to assess the advantage of the SHG using tilted pump incidence versus normal incidence pump, we evaluate the SH collection efficiency in a realistic experimental setting, e.g.
the power that would be collected from the nanoantenna in transmission by using a collection microscope objective with a NA of 0.25. This value of the NA is chosen since it can be achieved with typical low-cost optical components. Figure 7(a) shows the measurable SH power as a function of pump wavelength and cylinder radius under these experimental conditions. In these calculations the cylinder height and the angle of incidence of the s-polarized pump are kept constant at 400 nm and 45°, respectively. The pump intensity is 1 GW/cm 2 . As it can be seen in Fig. 7 (a) the peak of SH transmitted power reaches the value of 38 µW for a cylinder with r=195 nm and pump wavelength of 1470 nm. For comparison, the SH transmitted power using a pump at normal incidence on a cylinder with r=225 nm (as in Ref 22 ) is only about 5 µW, a factor of 8 times smaller. The SH peak observed for a cylinder with r=195 nm and a pump wavelength of 1470 nm in Fig. 7(a) is due to the electric dipole mode radiation, as seen in Fig. 5 for θ=45° .
The SHG efficiency calculated for a tilted incident pump is shown in Fig. 7(b) . We can observe 19 that the SHG efficiency values are similar to the ones in Ref. 22 . Furthermore, it should be noted that the highest SH power emitted in forward direction is not achieved with the configuration that results in highest SHG efficiency (compare Figs. 7(a) and (b) ). This is because the SHG efficiency is calculated by integrating all the SH signal over the entire solid angle, while the forward radiated SH power is only the fraction of SH signal that is emitted within the NA of the objective. This numerical experiment shows that the tilted pump configuration can be more advantageous than the normal incidence configuration. (b) SHG efficiency as a function of pump wavelength and cylinder radius. The calculations are performed using an s-polarized pump that is incident on the cylinder at an angle of 45° with respect to the cylinder axis. NA of the objective is fixed to 0.25.
CONCLUSIONS
In summary, we have demonstrated numerically the possibility to shape the radiation pattern of the SH field generated by an AlGaAs cylindrical nanoantenna. We have found that by modifying (a) (b) the polarization state of the incident light we can excite different modes at the SH frequency, therefore altering the spectral response of the SH conversion efficiency as well as the directionality of the SH emission. Furthermore, we have shown that by exploiting the interference effects of magnetic and electric multipoles sustained by the nanoantenna at the SH frequency, we can obtain uni-directional emission of SH. However, the structural symmetry and properties of the nonlinear susceptibility of AlGaAs pose strict restrictions on the emission pattern and no SH emission could be generated in the normal forward or backward directions.
Finally, we have demonstrated that by breaking the extrinsic symmetry of the structure plus the incident beam, e.g. by using a pump beam at tilted incidence, this issue can be overcome. This configuration not only allows one to obtain a SH signal in the normal directions, but also to increase the detectable SH power. To illustrate this, we have calculated the power collected in transmission by a microscope objective with NA= 0.25. We have seen that the detected SH power can be 8 times larger than by using a pump at normal incidence. This effect can be advantageous under several aspects. In particular it allows reducing the pump power that is required for obtaining a particular level of SH power.
This may benefit several applications such as nonlinear spectroscopy of chemical and biological species where excessive level of pump powers may alter or even induce damage to the analyzed sample. We expect that further opportunities for the control of the radiation pattern can be achieved by implementing structured light pump beams with tailored polarization properties. 
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